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1. Introduction
It is well known that the concept of cone plays an important role in vector optimization,
operator equations, and many other fields. A number of cones such as well based cones,
normal cones, nuclear cones, pseudonuclear cones, and nonexplosive cones, have been
introduced and extensively studied. It is interesting that some properties of cones can
be characterized by only the geometric properties of their vertex. In this paper, we first
recall some definitions of cones and the relationships among them, and then give the
characterizations of these cones by using the geometric properties of their vertex in locally
convex space setting. Furthermore, we study the relationships between these cones in
normed spaces. Mainly, we prove that, for a closed convex pointed cone C in a Banach
space, 0 ∈ PC(C) (0 is a point of continuity from the weak-to-norm topology on C) if
and only if C has a bounded base. This result gives an affirmative answer to the question
proposed by Gong in [4]. As a consequence, we obtain that several kinds of cones are
equivalent in Banach spaces.
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Let X be a Hausdorff topological vector space with the topological dual space X∗. Let A
be a subset ofX. A¯ (A¯w) denotes the closure (weak closure) ofA, co(A) denotes the closed
convex hull of A, and intA denotes the interior of A.
We say that a subset C ⊂X is a cone if for every λ 0, λC ⊆ C. A cone C is pointed
if C ∩ (−C)= {0}; the cone C is convex (closed) if C is convex (closed) subset of X. It is
clear that a cone C is convex if and only if C +C ⊆ C.
Denote by C+ the dual cone of C, i.e.,
C+ = {x∗ ∈X∗ | 〈x∗, x〉 0, ∀x ∈ C},
where 〈·, ·〉 is the canonical bilinear form establishing the duality between X∗ and X. Let
C+i be the set of all strictly positive linear functionals in C+, i.e.,
C+i = {x∗ ∈X∗ | 〈x∗, x〉> 0, ∀x ∈C and x = 0}.
Clearly, if C is a convex cone, then intC+ ⊂ C+i . The equality holds if X is a reflexive
Banach space and the norm-interior of C+ is nonempty (see [9]).
A nonempty convex subset B of a convex cone C is a base for C if 0 /∈ B¯ and
C = cone(B)= {λb | b ∈ B, λ 0}.
We say that C has a bounded base (or is well based) if C has a base which is bounded.
If a convex cone has a base, then it is pointed. In locally convex spaces, a convex cone C
has a base if and only if C+i = 0 (see [13, Proposition 3.6]).
A convex cone C in X is said to be normal if for any two nets {xi}i∈I and {yi}i∈I in X
with 0 xi  yi for all i ∈ I , yi → 0 implies that xi → 0.
We recall some notations from [14]. A 0-pseudoslice of a cone C is a set of the kind
fπ ∩C, where f ∈X∗ and
fπ =
{
x ∈X | f (x) 1}.
A 0-pseudoslice fπ ∩C is called a slice of C if f ∈C+.
Definition 1. If for every 0-neighborhoodU of X, there exists a finite family of 0-pseudo-
slices of C and whose intersection is a subset of U , i.e., there exist fi ∈X∗, i = 1, . . . , n
such that
n⋂
i=1
(fi)π ∩C ⊆U,
then the cone C is called nonexplosive, otherwise C is explosive.
Definition 2. If every 0-neighborhood U of X contains a 0-pseudoslice of C, i.e., there
exists f ∈X∗ such that
fπ ∩C ⊆U,
then the cone C is called pseudonuclear. If C is nonexplosive, but not pseudonuclear, C is
called intermediate.
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f ∈C+ such that
fπ ∩C ⊆U,
then the cone C is called nuclear.
When X is a Hausdorff locally convex space with the topology generated by a family
of seminorms P = {pα | α ∈A}, it has been proved that (see [14]) a cone C is nuclear if
and only if for every pα there exists fα ∈X∗ such that
pα(x) fα(x) for all x ∈ C. (∗)
The property (∗) is the origin of the concept of nuclear cone (for a convex cone) introduced
in [8].
Definition 4. A cone C is said to satisfy the property (π) (respectively, weak property (π))
if there exists f ∈C+ such that fπ ∩C is relatively weak compact (respectively, bounded).
According to Pontini [14], a cone which satisfies the weak property (π) was called
strongly exposed cone. Clearly, we have the following implications.
Proposition 1. Let C be a cone of a Hausdorff topological vector space X. Consider the
following assertions:
(i) C satisfies the property (π);
(ii) C satisfies the weak property (π);
(iii) C is nuclear;
(iv) C is pseudonuclear;
(v) C is nonexplosive.
Then (i)⇒ (ii)⇒ (iii)⇒ (iv)⇒ (v). If, in addition, X is a semireflexive locally convex
space, then (ii)⇒ (i).
Proposition 2. Let C be a convex cone of a locally convex space X. C satisfies the weak
property (π) if and only if C¯ has a bounded base.
Proof. Let B be a bounded base of C¯. Then 0 /∈ B¯ . A classical separation theorem implies
the existence of a continuous linear functional f ∈X∗ such that
0 = f (0) < 1 < f (x) for all x ∈ B¯.
Clearly, f ∈ C+i and fπ ∩C ⊂ [0,1]B is a bounded slice of C. Therefore, C satisfies the
weak property (π).
Conversely, suppose that fπ ∩C is a bounded slice of C. Since X is Hausdorff, for any
x¯ ∈ C¯\{0}, there exists a balanced 0-neighborhood V such that x¯ /∈ V . Since fπ ∩ C is
bounded, fπ ∩C is bounded. Hence there exists some λ > 0 such that fπ ∩C ⊂ λV . It is
easy to show that {x ∈ C¯ | f (x) < 1} ⊂ fπ ∩C ⊂ λV . Hence λx¯ /∈ {x ∈ C¯ | f (x) < 1}, and
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of C¯. ✷
Sterna-Karwat [17] has proved that, for a convex cone C in a locally convex space,
C satisfies the property (π) if and only if C¯ has a weakly compact base. The following
example shows that a nuclear cone in a locally convex space does not necessarily satisfy
the weak property (π) (see [8]).
Let X = l1 with the topology defined by the seminorms {pn}n∈N , where pn((xk)k∈N)=∑n
k=1 |xk|. The cone C = {x = (xk) ∈ X | xk  0 for all k ∈ N} is nuclear, but does not
have any bounded base.
A point a ∈ A is a strongly exposed point for A (a ∈ s-exp(A)) if there exists f ∈ X∗
such that f (a)= infx∈A f (x), and for every net {xα} ⊂A, f (xα)→ f (a) implies xα → a.
A point a ∈A is a denting point of A (see [4,11]), a ∈ dent(A), if for every 0-neighbor-
hood V ,
a /∈ co[A\(a + V )],
and a ∈A is a point of continuity (PC point) for A (see [11]) if for every 0-neighborhoodV ,
a /∈ [A \ (a + V )]w.
Equivalently, a ∈A is a PC point for A if a net in A converges (strongly) to a, whenever it
converges weakly to a. We denote by PC(A) the set of all PC points of A.
A point a ∈A is an extreme point (a ∈ extA), if a = x = y whenever x, y ∈A satisfy
a = λx + (1− λ)y
for some λ ∈ [0,1].
It is easy to show that every strongly exposed point of A is a denting point of A, and
every denting point of A is a PC point for A. It was shown in [11,15] that, for a bounded
closed convex subset A of a Banach space X, a is a denting point of A if and only if a is
a PC point for A and a is an extreme point of A. This result is not generally true when the
space is not complete.
In the following, we shall give the characterization of cones by using the geometric
properties of the vertex of cones.
Theorem 1. Let C be a convex cone of a locally convex space X with the topology
generated by a family of seminorms P = {pα | α ∈A}. Then:
(i) C is pointed ⇔ 0 ∈ ext(C);
(ii) C is nonexplosive ⇔ 0 ∈ PC(C);
(iii) C is pseudonuclear ⇔ 0 ∈ dent(C);
(iv) C is nuclear ⇔ C is normal and 0 ∈ PC(C);
(v) C satisfies the weak property (π)⇔ 0 ∈ s-exp(C).
Proof. (i) is obvious.
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0 ∈ PC(C)
⇔ ∀0-neighborhood V, 0 /∈ (C\V )w
⇔ ∃fi ∈X∗, i = 1, . . . , n, s.t.
n⋂
i=1
{
x ∈X | fi(x) 1
}∩ (C\V )= ∅
⇔
n⋂
i=1
(fi)π ∩C ⊂ V
⇔ C is nonexplosive.
(iii)
0 ∈ dent(C)
⇔ ∀0-neighborhood V, 0 /∈ co(C\V )
⇔ ∃f ∈X∗ s.t. 0 = f (0) < 1 < f (x) for all x ∈C\V
⇔ fπ ∩C ⊂ V
⇔ C is pseudonuclear.
(iv) If C is nuclear, from (iii), 0 ∈ PC(C). We shall prove that C is normal. Let {xi}i∈I ,
{yi}i∈I be two nets in X such that for every i ∈ I , 0  xi  yi and yi → 0. Since C is
nuclear, for every α ∈A, there exists fα ∈ C+ such that pα(x) fα(x) for every x ∈ C.
Hence 0 pα(xi) fα(yi) for every α ∈A and i ∈ I . Since limi∈I fα(yi)= 0, we deduce
that limi∈I pα(xi)= 0. Hence xi → 0. Therefore, C is normal.
Conversely, if 0 ∈ PC(C), then for every pα ∈ P , there exist f αi ∈ X∗, i = 1, . . . , n,
such that
n⋂
i=1
{
x ∈ C ∣∣ ∣∣f αi (x)∣∣ 1}⊂ {x ∈X | pα(x) < 1}.
It is easy to show that
pα(x)
n∑
i=1
∣∣f αi (x)∣∣ for all x ∈C.
Since C is normal, by Corollary 3 in [16, V, 3.3], X∗ = C+ − C+. Hence for every
i = 1, . . . , n, there exist f αi1, f αi2 ∈ C+ such that f αi = f αi1 − f αi2. Therefore, by taking
fα(x)=∑ni=1(fi1(x)+ fi2(x)), we have
pα(x) fα(x) for all x ∈ C,
which means that C is nuclear.
(v) If C satisfies the weak property (π), then there exists f ∈ C+ such that {x ∈ C |
f (x)  1} is bounded. Hence for every 0-neighborhood V , there exists λ > 0 such that
{x ∈ C | f (x) λ} = λ{x ∈ C | f (x) 1} ⊂ V . For every net {xα} ⊂ C with f (xα)→ 0,
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xα → 0. Therefore 0 is a strongly exposed point of C.
Conversely, suppose that 0 is a strongly exposed point of C. There exists f ∈ C+
such that for every net {xα} ⊂ C with f (xα) → 0, we have xα → 0. We suppose that
fπ ∩C is unbounded. Then there exists a 0-neighborhood V such that for any λn →+∞,
fπ ∩ C /⊂λnV . Hence there exists a sequence {xn} ⊂ C with f (xn)  1, xn/λn /∈ V for
all n  1. On the other hand, xn/λn ∈ C, and f (xn/λn) = (1/λn)f (xn) → 0. Hence
xn/λn → 0. This is a contradiction since xn/λn /∈ V for all n 1. ✷
Remark that (iv) has been proved in [7].
The following lemma will be used in the sequel.
Lemma 1. Let C ⊂X be a convex cone of a locally convex space. Then
0 ∈ PC(C) ⇔ 0 ∈ PC(C¯).
Proof. Suppose 0 ∈ PC(C). For every 0-neighborhood V , let U be a 0-neighborhood
such that U + U ⊂ V . Since 0 ∈ PC(C), by Theorem 1, there exist fi ∈X∗, i = 1, . . . , n
such that {x ∈ C | fi(x)  1, i = 1, . . . , n} ⊂ U . We claim that {x ∈ C¯ | fi(x) < 1, i =
1, . . . , n} ⊂ V . Indeed, for any xˆ ∈ {x ∈ C¯ | fi(x) < 1, i = 1, . . . , n}, there exists {xα} ⊂ C
such that xα → xˆ. Hence for every i = 1, . . . , n, fi(xα)→ fi(xˆ) and hence there exists β
such that fi(xα) < 1 for all i = 1, . . . , n and α  β . Thus, xα ∈ U for β  α and
thus xˆ ∈ U¯ ⊂ V . Therefore, {x ∈ C¯ | fi(x) < 1, i = 1, . . . , n} ⊂ V . This implies that
0 /∈ C¯\V w , i.e., 0 ∈ PC(C¯). Converse implication is obvious. ✷
3. Relationships among cones in normed spaces
When X is a normed space, it has been observed that (see [14]) every pseudonuclear
cone satisfies the weak property (π) (since, in normed spaces, a 0-pseudoslice contained
in a ball is a bounded slice). Therefore, in normed spaces, pseudonuclear cone, nuclear
cone, and the cone which satisfies the weak property (π) are equivalent. This result is not
generally true in topological vector spaces.
The concept of a nuclear cone in a normed space reduces to that there exist a positive
scalar α and a functional f ∈X∗ such that
C ⊂ {x ∈X | α‖f ‖‖x‖ f (x)}. (∗∗)
According to Cesari and Suryanarayana [1], the cone which satisfies (∗∗) is said to satisfy
angle property, which is equivalent to that C admits a uniformly positive functional, i.e.,
there exists f ∈ X∗ such that f (x)  α‖x‖ for some α > 0 and all x ∈ C. It has been
proved by Han [6] that a cone C in a normed space satisfies the angle property if and only
if C+ has a nonempty interior.
Recall that a closed convex cone C of a normed space X is called a Bishop–Phelps cone
if there exists f ∈X∗ such that
C = {x ∈X | ‖x‖ f (x)}.
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generalization of the concept of a Bishop–Phelps cone, Ng and Zheng [12] introduce the
following concept.
A closed convex cone C of a normed space X is called a quasi-Bishop–Phelps cone if
there exists a compact subset G of X∗ such that
C ⊂
{
x ∈X | ‖x‖ sup
f∈G
f (x)
}
.
It is easy to show that C is a quasi-Bishop–Phelps cone if and only if C is nonexplosive
cone.
The following properties of cones were introduced in [10], which are equivalent to
that C admits a uniformly positive functional.
Definition 5 [10]. Let C be a convex cone in a normed space X.
(a) C is said to be supernormal if there exists a positive number γ such that for c1, . . . , cn
∈ C,
‖c1 + c2 + · · · + cn‖
(‖c1‖ + ‖c2‖+ · · · + ‖cn‖);
(b) C allows plastering if there exist a closed convex pointed cone K and a positive
number ρ such that
c+ ρ‖c‖BX ⊂K for all c ∈ C,
where BX denotes the unit ball of the space X.
We summarize these equivalence of cones in the following theorem.
Theorem 2. Let C be a convex cone in a normed space X. Then the following statements
are equivalent:
(i) C is pseudonuclear;
(ii) C is nuclear;
(iii) C satisfies the weak property (π);
(iv) C satisfy the angle property;
(v) C admits a uniformly positive functional;
(vi) C is supernormal;
(vii) C allows plastering K;
(viii) C+ has a nonempty interior.
For the proofs of the equivalence of (v)–(vii) see [3,5,10].
It was proved that [2] in a reflexive Banach space X, if C ⊂X is a nonexplosive closed
convex cone with C+i = ∅, then C satisfies the weak property (π). In the following we
shall show that this result remains true in a general Banach space.
Proposition 3. Let C ⊂ X be a convex cone of a Banach space X. Suppose that C¯ is
pointed. Then 0 ∈ PC(C)⇔ 0 ∈ dent(C).
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C¯ ∩ kBX , k  2. Then Ck is a bounded closed and convex subset of X and 0 ∈ ext(Ck),
0 ∈ PC(Ck). By the theorem in [11], 0 ∈ dent(Ck).
Hence, for every 0 < $ < 1, 0 /∈ co(Ck\$BX). By a standard separation theorem, there
exist f ∈X∗\0 and a real number α such that
f (0)= 0< α  inf{f (x) | x ∈ co(Ck\$BX)}.
For any x ∈ C¯\$BX , if ‖x‖  k, then f (x)  α; if ‖x‖ > k, then 2x/‖x‖ ∈ Ck\$BX .
Hence f (2x)/‖x‖ α and hence f (x) ‖x‖α/2 α. Thus,
0 < α  inf
{
f (x) | x ∈ co(C¯\$BX)
}
and thus 0 /∈ co(C¯\$BX). This implies that 0 ∈ dent(C¯) and so 0 ∈ dent(C). The converse
implication is obvious. ✷
By Theorems 1, 2, and Proposition 3, we obtain:
Theorem 3. Let C ⊂X be a convex cone of a Banach space X. Suppose that C¯ is pointed.
Then C is nonexplosive if and only if C satisfies one of the equivalent conditions (i)–(viii)
in Theorem 2.
From Theorem 3, we see that no intermediate convex cone in a Banach space is such
that C¯ is pointed. Theorem 3 gives an affirmative answer to the question proposed by Gong
in [4] and Ng and Zheng in [12], i.e., for a closed convex pointed cone C in a Banach space,
0 /∈C\$BX for any $ ∈ (0,1) is equivalent to that C has a bounded base.
The conclusion of Theorem 3 is not generally true when the space X is not complete.
Thanks to Professor C.C. Chou from University of Perpignan for providing the following
example.
Example. Let l0 be the space of all sequences of real numbers which have finite support,
i.e.,
l0 = {a = (ai) ∈RN | the set {i ∈N | ai = 0} is finite}.
Define f : l0 →R and ‖ · ‖, for all a = (ai) ∈ l0, by
f (a)=
∞∑
i=3
ai and ‖a‖ = sup
{∣∣f (a)∣∣, |a1|, |a2|, . . .}.
It is easy to show that (l0,‖·‖) is a normed space and that f is a linear continuous function.
Let
K = {a ∈ l0 | a1  |ai |, i  3, a2 = f (a)}.
Then K is a closed convex pointed cone in l0. Define a linear continuous function f1 by
f1(a)= a1. For every a ∈K , one sees that
‖a‖ sup{f1(a), f (a),−f (a)}.
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an =
(
1
n
,1,
n︷ ︸︸ ︷
1
n
, . . . ,
1
n
,0,0, . . .
)
,
bn =
(
1
n
,−1,
n︷ ︸︸ ︷
−1
n
, . . . ,−1
n
,0,0, . . .
)
.
Then an, bn ∈K for all n 1 and
‖an‖ = ‖bn‖ = 1,
‖an + bn‖ = 2
n
→ 0.
This shows that K is not normal and so it has no bounded base.
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